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p =Pr[AV({) < VaR] = Fy(VaR)
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1 xp = Inf{x|Fe(x) = p}
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re|Fr—y ~ Ny, Ufz)

n =0, of=ao”  +(1—ay’,, l>a>0
pr = In(F;)

Pt — Pt—1 = Gy ar = 0t€; is an IGARCH(1,1) process without drift
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k
o[kl = Var(r;[k]|F;) = ) _ Var(a,4:| F;)
i=I

Var(as1i| Fy) = E(UE_I_E | F;) can be obtained recursively

Using ri—1 = a;—1 = 01161 " 04

ol =0, + (1l —a)o” (&, —1) forallt.
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[n particular, we have

2 2 2 2 S . )
Uf_|_f - D}_|_£'_1 + (l — W)Uf—l—f—l(r{?—l—f—] — l) for 1 = 2, s 4y k.

Since E(Eiﬂ._] — 1|F;) = 0 for i = 2, the prior equation shows that

E(o};|Fi) = E(o5,_|Fy) for i=2,... k.
2 _ 2 | — 2

/ 6 $% + o =aof +( o)y

Var(ryyi|F;) = Uﬁrl for r::_} l&

o’lk] = ko?

t+1 )
rel k]| Fr ~ N(O, kaa_l)
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% relK] 4 & % $9%
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Suppose that the financial position is a long position so that loss occurs when
there 1s a big price drop (i.e., a large negative return). If the probability is set to
5%, then RiskMetrics uses 1.650;41 to measure the risk of the portfolio; that is,
it uses the one-sided 5% quantile of a normal distribution with mean zero and
standard deviation o;4;. The actual 5% quantile 1s —1.650;41, but the negative
sign 1s ignored with the understanding that it signifies a loss. Consequently, if the
standard deviation is measured in percentage, then the daily VaR of the portfolio
under RiskMetrics 1s

VaR = Amount of position x 1.65041,

and that of a k-day horizon 1s VaR(k) = Amount of position x l.65x/,-’?{rr+1,

where the argument (k) of VaR is used to denote the time horizon. Consequently,
under RiskMetrics, we have

VaR(k) = vk x VaR.

This is referred to as the square root of time rule in VaR calculation under Risk-
Metrics.
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rr=p+a, a =o€, nF0,

2
0y

ufcrf_l + (1 — ﬂf)af_l,

where {e;} is a standard Gaussian white noise series. The assumption that o # 0
holds for returns of many heavily traded stocks on the NYSE; see Chapter 1. For
this simple model, the distribution of r;4; given F; is N(, Uﬁrl), The 5% quantile
used to calculate the 1-period horizon VaR becomes @ — 1.650;4 . For a k-period
horizon, the distribution of r;[k] given F; is N(kpu, kcrr%rl), where as before r[k] =
rie1 + -+ riar. The 5% quantile used in the k-period horizon VaR calculation
1S ko — 1.65\/Eﬂr+1 = \/E(\/E,u. — 1.650741). Consequently, VaR(k) # «,/,»’? x VaR
when the mean return is not zero. It is also easy to show that the rule fails when

the volatility model of the return is not an IGARCH(1,1) model without drift.
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P12 = C:D\"(Flfa FZF){'}[VHI‘(FIF)vﬂl‘(rzf)]o's

VaR = \/VaR2 + VaR2 + 212 VaR VaRy.

@ 4

m m
VaR= | > VaR?+2) p;;VaR;VaR;,

i=1 i<j

where p;; 1s the cross-correlation coefficient between returns of the ith and jth
instruments and VaR; is the VaR of the ith instrument.
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Consider the log return r; of an asset. A general time series model for r; can be
written as

P q
re = ¢o + Zfﬁff‘r—f +a; — Z'-Qjaf—ja (7.5)
i=1 j=l

dy = O€y,

i [N
Uf oo + waaf_i -+ Zﬁjgrz—j- (7.6)
j=1

i=1
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p q
Fe(1) = ¢o + ZQ’JIF}H—:‘ - Z‘gjﬂﬂrl—jﬂ
j=I

i=1

i v
~2 2 2
oy (1) = ao + § :'Tf“r+1—f + § :ﬁjgr—l—l—j‘
j=1

i=1

[f one further assumes that ¢, 1s Gaussian, then the conditional distribution of
ri41 given the information available at time ¢ is N[7 (1), Errz(l)]+ Quantiles of this
conditional distribution can easily be obtained for VaR calculation. For example, the
5% quantile is 7;(1) — 1.656;(1). If one assumes that ¢, is a standardized Student-
t distribution with v degrees of freedom, then the quantile is 7 (1) — r;(p)c’};(l),
where 7;;(p) is the pth quantile of a standardized Student-7 distribution with v
degrees of freedom.



The relationship between quantiles of a Student-# distribution with v degrees of
freedom, denoted by f,, and those of its standardized distribution, denoted by 7, is

il < 1 ):Pr (r* < d ) .
Jo/(v=2) T Jv/(v=2) v v/ v=2)/)
where v > 2. That is, if g is the pth quantile of a Student- distribution with
v degrees of freedom, then ¢/ /v/(v — 2) is the pth quantile of a standardized
Student-f distribution with v degrees of freedom. Therefore, if € of the GARCH
model in Eq. (7.6) i1s a standardized Student-f distribution with v degrees of free-
dom and the probability is p, then the quantile used to calculate the I-period
horizon VaR at time index 7 is

p=Pr(t, < q)=Pr (

IU(}D)S—}‘( 1)
Vo/(v=2)

where 7,(p) is the pth quantile of a Student-7 distribution with v degrees of freedom
and assumes a negative value for a small p.

re(1) +

o * &2
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0 A=A (6@A7 % $ $ $ & $ &?&
x g rplk]l = rp(1) 4+ -« + rp(k) rp(0)
$ &

9 =AE A=A (" ! 6

= p+a + a1 + Yarai—o+ - -

en(b) = rppe — rp(€) = apge + Y1apge—1 + -+ Ve_1ap4



i 6 $ Fnlk]
eplk] = ep(l) +ep(2) + - - - 4+ ep(k)
k—1
= dpy1 + (@pi2 + V1appr) + -+ Z Vidppk—i
=0

k-1
= appk + (I + Y01+ -+ (Z v'ff) Ah 415
i=0

where g = 1.
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k—1 2
Vi (enlk]) = Vi(ansr) + (1 + ¥ )*Vi(apgn—1) + - -+ (Z fo) Vi(ap+r)
i=0
2

2

k—1
=0, (k) + (1 + Yok —1)+---+ (wa) o (1), (7.8)
i=0

where Vj(z) denotes the conditional variance of z given Fj and UE(-E) 1s the
£-step ahead volatility forecast at the forecast origin h. If the volatility model is
the GARCH model in Eq. (7.6), then these volatility forecasts can be obtained
recursively by the methods discussed in Chapter 3.
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consider the special time series model

ry=W+a, a = o0&,

2 2 2
o = wp +wya;_ + pro;_y.

Then we have ; = 0 for all i = 0. The point forecast of the k-period return at the
forecast origin h is 7p[k] = ku and the associated forecast error is

eplkl = apyx + apyr—1 + -+ -+ apqa.

Consequently, the volatility forecast for the k-period return at the forecast origin
h 1s

k
Var(ep k]| Fy) = ) o5 (0).
=1



we obtain that for the case of ; =0 fori > 0,

@ | — ¢F | — ¢~ , |

Var(ey k]| Fy) = [k - —] + —0;, (1), (7.10)
l —¢ l —¢ —¢

where ¢ = ;) + B1 < 1. If ; 5 0 for some i > 0, then one should use the general

formula of Var(ey[k]|Fp) in Eq. (7.8). If €; 1s Gaussian, then the conditional distri-

bution of ry[k] given Fj is normal with mean kp and variance Var(ey[k]|F}y). The

quantiles needed in VaR calculation are readily available. If the conditional dis-

tribution of a; is not Gaussian (e.g., a Student-f or generalized error distribution),
simulation can be used to obtain the multiperiod VaR.
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