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p=E(r;), F0=E[(rr—ﬂ)(r;—ﬂ)f],

where the expectation is taken element by element over the joint distribution of r;.
The mean p is a k-dimensional vector consisting of the unconditional expectations
of the components of r;. The covariance matrix I'g i1s a k x k matrix. The ith
diagonal element of I'g is the variance of r;;, whereas the (i, j)th element of T'g is
the covariance between r;; and r;;. We write 0 = (i1, ..., ) and Ty = [ (0)]
when the elements are needed.



3 . #
po = [pij(0)] = D'ToD™!

D = diag{T11(0). ..., VTr(0)}

3 ) &,
[';;(0) Cov(rit, rjt)

ij(0) = -
pf( ) V;]-*“(O)FH(O) ﬁ;td(f‘ff).‘%td(f*jr)

5 )



0" . 1#
[y=[1ij(0)] =El(r; — p)(ri—e — p)'l.

) I'y &

0". . 1#
p,=[pij(0)] = D'T, D",

O "' )) & ’
[ () _ Cov(ris, rj—e)

pij(€) =

\KIFH(O)FJJ(O) - th(ﬂ'r)-‘*td(rﬁ) ,

pii (£) ) )
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1. The diagonal elements {p;;(¢)|¢ =0, 1,...} are the autocorrelation func-
tion of rj;.

2. The off-diagonal element p;;(0) measures the concurrent linear relationship
between ri; and r ;.

3. For ¢ > 0, the off-diagonal element p;;(£) measures the linear dependence
of r;; on the past value rj ;.

rir and rj; have no linear relationship if p;;(¢) = p;; (£) =0 for all £ = 0.

rir and rj; are concurrently correlated if p;;(0) # 0.

el A

rir and rj; have no lead—lag relationship if p;;(£) = 0 and p;;(€£) = 0O for all
¢ = 0. In this case, we say the two series are uncoupled.

4. There i1s a unidirectional relationship from ri; to rj it p;;(€) =0 for all
¢ >0, but pj;(v) # 0 for some v > 0. In this case, r;; does not depend on
any past value of rj;, but r;; depends on some past values of r;;.

th

. There 1s a feedback relationship between ri; and rj; 1f p;;(€) # 0 for some
¢ >0 and p;;(v) # 0 for some v > 0.
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T
=~ I
Fo== ) =P =7, €20,
f=0+1

where 7= (Y], ri)/T

(  897# P & & )
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1 / 262. 267
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1. 47 means that the corresponding correlation coefficient is greater than or

equal to ZX\/?.

2. “—=" means that the corresponding correlation coefficient is less than or equal
to —2/+/T, and
3. . means that the corresponding correlation coefficient is between —2//T

and 2/+/T,



=% " 8 8 0 O 8 #
0o* "<1 > |/

Hy:pj=--=p, =0
H, : p; # 0 for some i € {1, ..., m}

bt
]
(m) = T2
Qr(m) ;_1 7

_ ) 1/

tr(T,T, TT,),



Qr(m) =T Z
by = vec(p))
#) *

/ 26 .268
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re =¢o+ ®ri_1 +a;

where ¢ 1s a k-dimensional vector, @ is a kK x k matrix, and {a;} 1s a sequence of
serially uncorrelated random vectors with mean zero and covariance matrix X. In
application, the covariance matrix X is required to be positive definite; otherwise,
the dimension of r; can be reduced. In the literature, it is often assumed that a; 1s
multivariate normal.

) " & 5 #

e = ¢r0+ Pririi—1 + Prara—1 +ay,
1y = ¢ + Poyry -1 + Poora 1 + azy,

®1, denotes the linear dependence of ry; on ry;_
[f @, =0, then ry; does not depend on ry;_;



®p =0 and ®y; # 0 then there is a unidirectional relationship from ry; to ry;.
@y # 0 and Py # 0, then there is a feedback relationship between the two series

< 4 1
& , /

% 3 % # Y =LGL " 1,
" " 1/

L 'YL '=G
Define b, = (by;, .... b)) = L~ 'a,. Then

Eb,) =L 'E(a;)=0. Coviby)=L 'L Y=Lz '!'=¢G.

SR | ) /



) #
L'r,=L"¢g+ L' ®r,_ + L 'a, = ¢ + ®*r,_| + by,

do=L "¢y @ =L"'®

B ) #
k—1 k

. . * .
e + E Wkitit = P o + E DLirir—1 + b,

i=1 i=1

1 /2 ]2
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p=Er)=>U-o "¢,

@,

Ff=¢F;_]+ﬂf.

Ft =F — L

= 2 3
rf=ﬂf+q)ﬂ:;_]+(l) ﬂf_2+(l) H;_3+*“.

#
Cov(a;,r;—1) =0
qu(rf, a;) = X
o ®/ must converge to zero as j — 00
This means that the k eigenvalues of ® must be less than | in modulus

) ) . % )



W — ®| = 21F

|
I—tl)—‘
A

the eigenvalues of ® are the inverses of the zeros of the determinant |I — ®B|.
Thus, an equivalent sufficient and necessary condition for stationarity of r; is that
all zeros of the determinant [®(B)| are greater than one in modulus; that is, all

zeros are outside the unit circle in the complex plane. Fourth, using the expression,
we have

o0
Cov(r) =Tp =X+ ®TP + &*L(®*) + - =) O'X(®)
=0

E(FIF;_E) = (I)E(F'r_l Fr_f)f, ¢ = 0.

I, =®&r,_,. (=0,
r, =®r,, for ¢=0.



p, = D~V2®T,_ D2 = D~'2e D2 D V2T, D2 =Yp,_,,
where Y = D™V2® D'/?. Consequently, the CCM of a VAR(1) model satisfies

Pr = TE,O.:., for ¢ = 0.



f"r=¢0+‘I’lrr—l+""|“1’prr—p‘|‘ﬂre p >0,

(I—® B~ —®,B")r, = ¢y +a.

®(B)r; = ¢y + a;,

g R=E@) = —® — - —®,) ¢ =[2(1)]" ¢,

@ # Fr=¢1F;_1+"'+‘DpFr_p+ﬂ;.

e Cov(rs,a;) = X2, the covariance matrix of a;:
o Cov(ri_y,a;) =0 for £ = 0;
e I'v =o'y +---+ tI)pI“,g_p for £ = 0.



C -% B ) 33 . 1#
pe="Yippy+ -+ App,_, for £>0,

where Y; = D~1/?®; D'/?.
4 & , A@ AQ@ )

- .y —~ ~f . RN
let X = (Fy_pyys Fr_pyay -+ 1) and by = (0,...,0, ap)

x; = ®*x,_; + by,

where ®* is a kp x kp matrix given by

0 1 0 0 0
0 0 I 0 0
d* = : : : :
0 0 0 o ... 1T
| P, @y Py Py e By

®* is called the companion matrix of the matrix polynomial ®(B).
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A@ |

example, from the definition, x; is weakly stationary if and only if r; 1s weakly
stationary. Therefore, the necessary and sufficient condition of weak stationarity
for the VAR(p) model in Eq. (8.13) is that all eigenvalues of ®* in Eq. (8.15)
are less than 1 in modulus. Similar to the VAR(1) case, it can be shown that the

condition is equivalent to all zeros of the determinant |®(B)| being outside the
unit circle.

structure of the coefficient matrices @, thus provides information on the lead—lag
relationship between the components of r;.
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(

a;

re =¢o+ ®r_ +a;
Fi =¢0+‘1’1f‘r—1 + ®or;_o + a;

re=¢o+®ri1+---+®ir; +a;

A@

~(i) ~@{) (i) "

=ri—¢y — P ri1—--- i Ti—i



T
—_ l Y R f .
Ef — 5 E {I;E)(ﬂ’;”) . i >0

f=i+1
)
H,:®,#0 B ) ) E "’
M(i):—(T—k—.f—%)ln(TJE-&l—')
i—1
" A@ AQ@ . /
. B &
<1 8
% % )
0 )

T
_ [ . -
Y, = ? Z ﬁ?][a;ﬂ] ‘

t=i+1

H,: ®, =0

))

3/



The AIC of a VAR(7) model under the normality assumption is defined as

- ki
AIC(»/) = In(|Z;]) + —

, & 3 5 3
+ 1 )
- k%i In(T
BIC(i) = In(|X;]) + : ;( ),
. ~ 2k%i In(In(T))
HQ(:) = In(|X;]) + =

1 /6 /272
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